There exists dark energy models that predict the occurrence of "little rip". At the point of little rip the Hubble rate and its cosmic time derivative approach infinity, which is quite similar to the big rip singularity except that the former happens at infinite future while the latter at a finite cosmic time; both events happen in the future and at high energies. In the case of the big rip, a combination of ultra-violet and infra-red effects can smooth its doomsday. We therefore wonder if the little rip can also be smoothed in a similar way. We address the ultra-violet and infra-red effects in general relativity through a brane-world model with a Gauss-Bonnet term in the bulk and an induced gravity term on the brane. We find that the little rip is transformed in this case into a sudden singularity, or a "big brake". Even though the big brake is smoother than the little rip in that the Hubble rate is finite at the event, the trade-off is that it takes place sooner, at a finite cosmic time. In our estimate, the big brake would happen at roughly 1300Gyr.
I. INTRODUCTION
Recent observational evidences show that the expansion of our universe is currently accelerating [1] [2] [3] . This discovery has opened several possibilities to explain the nature of the late-time acceleration. By constructing reasonable models that account for this phenomenon, the nature of the cosmic acceleration could be either attributed to an exotic dark energy component that makes up roughly 70 percent of the universe [4] , or described by a modified gravity theory such that the predictions are consistent with the current observational data [5] . If the late-time accelerated expansion is driven by dark energy, the simplest setup is by adding a cosmological constant Λ to Einstein equation with cold dark matter on top of the baryonic sector (ΛCDM model), which fits very well the observations even though the cosmological constant has to be extremely fine-tuned as compared with the expected value from quantum field theory [6, 7] .
However, there are several other candidates that can play the role of dark energy, which can be characterized by an equation of state w. The equation of state w of a given matter content is defined by the ratio between its pressure and its energy density, i.e., the equation of state w ≡ P/ρ, where P and ρ are the pressure and the energy density of the matter, respectively. From current observations, the equation of state of dark energy is very close to −1 [1] [2] [3] . Nevertheless, unlike the cosmological constant whose equation of state is strictly equal to −1, the equation of state of dark energy could deviate from −1 a bit and vary with time. Furthermore, dark energy with equation of state w < −1 has not been excluded observationally [1] [2] [3] . which is also known as phantom energy [8] . If this hypothetical phantom energy exists in the late-time universe, our universe will enter into a super-accelerating epoch and spacetime singularities might occur in the future. Within a Friedmann-Lemaître-Robertson-Walker (FLRW) metric, dark energy related future space-time singularities can be classified as follows depending on different types of divergence [9] [10] [11] [12] :
• Big rip singularity: the singularity happens at a finite cosmic time t where the scale factor a, the Hubble parameter H and its cosmic time derivativė H diverge [8, [15] [16] [17] [18] [19] [20] [21] [22] , i.e., when t → t s , a → ∞, H → ∞ andḢ → ∞;
• Sudden singularity: the singularity happens at a finite cosmic time with a finite scale factor, where the Hubble parameter remains finite but its cosmic time derivative diverges [9, 23, 24] , i.e., when t → t s , a → a s , H → H s andḢ → ∞;
• Big freeze singularity: the singularity happens at a finite cosmic time with a finite scale factor where the Hubble parameter and its cosmic time derivative diverge [9, 22, [25] [26] [27] , i.e., when t → t s , a → a s , H → ∞ andḢ → ∞;
• Type IV singularity: the singularity happens at a finite cosmic time with finite scale factor where the Hubble parameter and its cosmic time derivative remain finite, but higher cosmic time derivatives of the Hubble parameter still diverge [9-11]; where t s , a s and H s are finite constants. However, in addition to the possible space-time singularities mentioned above and connected with dark energy, there exist other possible abrupt events that are smoother than those enumerated above and are also connected with dark energy:
• Little rip event: there is no future space-time singularity; however, the scale factor , the Hubble parameter and its cosmic time derivative all diverge at an infinite cosmic time [9, 25, [28] [29] [30] [31] [32] [33] [34] , i.e., when t → ∞, a → ∞, H → ∞ andḢ → ∞. This kind of behavior was first found in Ref. [28] .
• w-singularity: the equation of state w diverges at a finite cosmic time with a finite scale factor, where the energy density ρ and the pressure P vanish [35, 36] , i.e., when t → t s , a → a s , ρ → 0, P → 0 and w → ∞;
• Pseudo-rip event: the Hubble parameter approaches a constant as the cosmic time goes to infinity with an infinite scale factor, where the disintegration of bound structures may or may not occur in this case [37] , i.e., when t → ∞, a → ∞ and H → H s .
Among these events, the little rip is quite similar to a big rip singularity except that the former happens at infinite future while the latter at a finite cosmic time. Such event, despite avoiding a future singularity at a finite cosmic time, will still lead to the destruction of all structures in the universe. Additionally, the little rip has previously been analyzed under four-dimensional (4D) standard cosmology [9, 25, 28, 29] in a dilatonic brane-world model [30] . Recently, this event has been named "little rip" [31] [32] [33] [34] 38] . In addition, the difference between the big rip and little rip events becomes conventional when UV quantum gravitational effects are taken into account, since the Planck curvature is reached in a finite cosmic time in both kinds of events.
If our universe is filled with phantom dark energy, a doomsday can happen at high energies in the far future. These possible future behaviors have motivated the interest in searching for resolutions where the abrupt events can at least be appeased, and several works on possible future space-time singularity avoidance have been carried out (see for example the Refs. [30, [39] [40] [41] [42] [43] [44] [45] [46] [47] ). In the case of a big rip, a combination of ultra-violet (UV) and infra-red (IR) modifications to general relativity (GR) can smooth its doomsday [48] . We therefore wonder if the little rip event can also be smoothed in a similar way, since it takes place in a high-energy regime where UV effect is required, and in a late-time universe where IR effect is required. Here we follow the similar procedure to address UV and IR effects in GR through a spatially flat 4D brane embedded in a 5D anti-de-Sitter (AdS 5 ) bulk that is modified by both Gauss-Bonnet (GB) and induced gravity (IG) terms with the matter fields confined on the brane, where the GB correction manifests in the high-energy regime while the IG effect becomes significant in the late-time universe. For a recent paper on brane-world models with a GB term in the bulk see please Ref. [49] and the references therein for an extensive list of references on the GB brane-world scenario.
Furthermore, we focus here on the self-accelerating branch of this model, which contains the DvaliGabadadze-Porrati (DGP) self-accelerating solution modified by the GB effect (DGP-GB) [50, 51] , due to the fact that this branch gives both UV and IR modifications to GR. Finally, the investigation on the little rip event can also shed some lights on the nature of such GB and IG modified brane-world system.
The outline of this paper is as follows. In Sec. II, we consider a spatially flat brane-world within an AdS 5 bulk with GB and IG modifications, and we review the selfaccelerating branch obtained from this model. In Sec. III, we examine if for the same matter content that would induce a little rip event in standard GR can be smoothed in some manner within the framework reviewed in Sec. II. In Sec. IV, we analyze the late-time behavior of the DGP-GB model filled with phantom dark energy, and furthermore we estimate when the sudden singularity will take place in this case. Finally, in Sec. V, we summarize our results and present our conclusions.
II. SELF-ACCELERATING BRANCH
The generalized Friedmann equation of a spatially flat brane embedded in an AdS 5 bulk with both GB and IG curvature effects is given by [52, 53] :
where the parameter µ 2 is defined by
α(≥ 0) is the GB parameter which has the dimension of length square, γ is a dimensionless parameter controlling the strength of the IG term, Λ 5 (≤ 0) is the bulk cosmological constant, λ is the brane tension and the crossover scale r c is given as r c ≡ κ 4 . Therefore the parameter µ 2 is bounded as 0 ≤ µ 2 < 1/4α (see also Ref. [54] ). The branch with "+" sign in Eq. (2.1) contains the DGP normal branch solution (with Λ 5 = 0, α = 0, λ = 0 and γ = 1); while the "−" sign in Eq.(2.1) contains the DGP self-accelerating solution. Here we focus on the self-accelerating branch with "−" sign that gives the UV and IR modifications to GR. To solve the Eq.(2.1) analytically, it is more convenient to introduce the following dimensionless parameters [38, 48, [56] [57] [58] : 
where
It is more convenient to factorize the discriminant N as
10)
If N is positive, there is only one real solution. If N is negative, all the solutions are real, and if N vanishes, all the solutions are real and at least two of them are equal.
After doing a careful analysis of the cubic Friedmann equation (2.6), the analytical solutions are summarized in Table I (see also Fig. 1 ), where the parameters η, θ and ξ are defined as follows: 14) which give the constraints 0 < η as well as 0 < ξ. In addition, since the dimensionless energy densityρ is always positive [see Eq.(2.5)], the parameter θ is bounded as 0 < θ ≤ θ max , where In general there are three possible evolutionary branches for the modified Friedmann equation (2.6) as shown on Table I and Fig. 1 , but one of them is a negative normal branch denoted byX 1 , which is not physically meaningful sinceX is always positive [see the definition given in Eq.(2.3)]. Among these positive solutions, the branchX 2 corresponds to the self-accelerating branch: 16) which contains the DGP self-accelerating branch when the parameters Λ 5 , α, and λ vanish and γ = 1, which gives both UV and IR modifications to GR. Moreover, this self-accelerating branchX 2 could serve to smooth the little rip event in standard GR to a sudden singularity, in the sense that the Hubble parameter remains finite when the universe reaches the singularity as we will show in the next section.
III. SUDDEN SINGULARITY
The late-time acceleration of the universe can be driven by a dark energy component with an equation of state w −1, i.e., a phantom energy is possible observationally [1] [2] [3] . If our universe is filled with phantom dark energy, this substance would lead to a super-acceleration phase, causing perhaps space-time singularities in the future [8, [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] 60] . Some possible space-time singularities as well as smoother abrupt events within a FLRW universe filled with phantom dark energy are enumerated in Sec. I. bρ1 andρ2
Solutions forX
Limiting case:
Limiting case: One of these abrupt events is the little rip that is quite similar to a big rip singularity as the scale factor, the Hubble parameter, and its cosmic time derivative all approach infinity as in the big rip albeit at infinite future. Even though for a little rip there is no space-time singularity occurrence at a finite cosmic time, all bound structures in the universe will be destroyed on its way to the little rip [31] . Within a relativistic model, i.e., a 4D GR setup, a perfect fluid whose equation of state reads:
where A is a positive constant, can induce a future little rip event [9, 25, 28, 29, 31] . This kind of event was first found in [9, 25, 28, 29] and also on a dilatonic brane-world model [30] . For the latter case, the author described the event as a big rip singularity postponed to an infinite future cosmic time. Recently, this kind of event has been named "little rip" [31] . Instead of a relativistic GR model, here we consider the self-accelerating branchX 2 of the modified Friedmann equation (2.6), because it involves UV and IR effects which could be applied to smooth the little rip or at least to appease it. We remind at this regard that the little rip happens at very high energies where we expect some UV corrections to GR, and at the same time in the far future where IR modifications to GR are also to be expected. This is the reason why we consider a dark energy component; more precisely, a perfect fluid described by Eq.(3.1), filling the self-accelerating brane on top of dark matter. We will show that a future sudden singularity appears when the dimensionless energy densityρ approaches the finite constantρ 1 . Consequently, a sudden singularity will replace the little rip.
Given that we are interested in the late-time evolution of the brane and the possible avoidance of the little rip, we assume that the brane total energy density is made up of non-relativistic matter as well as phantom energy with equation of state (3.1):
where ρ m is the energy density of the non-relativistic matter, ρ d is the conserved energy density of the phantom dark energy (3.1), ρ m0 and ρ d0 are the current energy density for matter and phantom dark energy, respectively, and the current scale factor a 0 is fixed as a 0 = 1. In order to analyze the asymptotic future behavior of the self-accelerating branchX 2 , we need to analyze the future behavior of the Hubble rate given by Eq. (2.16) and its cosmic time derivative. The cosmic time derivative of the Hubble parameter can be obtained either from the time derivative of the branchX 2 (2.16) or from the time derivative of the cubic Friedmann equation (2.6). Either ways lead us to the result:
where we have already used the energy conservation condition for the total matter content confined on the brane:
Therefore, taking into account the total energy density given by Eq.(3.2), the cosmic time derivative of the Hubble parameter in the self-accelerating branch is given bẏ
Notice that the denominator of Eq.(3.5) is always negative in the self-accelerating branch solution, which can be checked using the explicit self-accelerating solution X 2 (2.16) where the range of the parameter θ is given in Eq.(2.15). Therefore, the cosmic time derivative of the Hubble parameter will become positive once the phantom dark energy dominates over the non-relativistic matter, more precisely when ρ m < Aρ d . When the dimensionless energy densityρ tends toρ 1 , the self-accelerating solutionX 2 approaches the constant value (see Table I and Fig. 1 ):
consequently, the Hubble parameter reaches the constant value:
From Eqs.(3.5)-(3.7) we find that the cosmic time derivative of the Hubble parameter blows up whenρ →ρ 1 , while the Hubble parameter, the energy density and pressure on the brane remain finite at this point. Besides, the cosmic time ellapsed since the present time t 0 , till the singularity ocurrence at t s is given by the integral t s − t 0 = as 1 da/aH, which is finite since aH is a nonvanishing analytical function of the scale factor a between the two limits a s and a 0 = 1, i.e., a sudden singularity takes place at a s . Consequently, a phantom dark energy perfect fluid (3.1) that induces a little rip event in GR is replaced by a sudden singularity, or a "big brake", through the self-accelerating branch of the brane-world with GB and IG effects. Notice that this event is different from the one found in Refs. [61, 62] . Besides, the presence of the sudden singularity is a consequence of the combination of an IG term on the brane and a GB term in the bulk (where the bulk is maximally symmetric corresponding to AdS 5 or Minkowski), which is different from the branch singularity in a GB brane-world with a negative mass parameter (or a dark radiation term) discussed in Ref. [49] . The bulk we have considered is an AdS 5 one where there is no branch singularity.
IV. PHENOMENOLOGY AND CONSTRAINTS OF THE DGP-GB MODEL WITH "LITTLE RIP"
PHANTOM MATTER
A. The theoretical framework
In this section, we consider a spatially flat DGP brane embedded in a Minkowski bulk with a GB modification (DGP-GB), i.e., described by the modified Friedmann equation (2.1) with a vanishing bulk cosmological constant and brane tension, and γ = 1. The Hubble rate of the branch containing the DGP self-accelerating branch in this case can be rewritten as
The current expansion of the universe is dominated by non-relativistic matter and dark energy which we model through Eq.(3.2), the later we refer to it as "little rip" phantom matter as in GR it would lead to this kind of event. Then, the modified Friedmann equation (4.1) can be further expressed as
where E(a) ≡ H/H 0 , and the dimensionless density parameters are defined as follows:
It can be easily checked that the modified Friedmann equation (4.2) evaluated at present time a 0 = 1 gives a constraint for these density parameters:
Furthermore, the dimensionless parameters defined in the Eqs.(2.3)-(2.5) can be rewritten in terms of these density parameters (with Λ 5 = 0, λ = 0 and γ = 1) as:
The cosmological evolution of the brane would be equivalent to that of a relativistic model described by GR, i.e.,
with an effective dark energy component Ω eff defined as follows:
The effective dark energy part consists of the phantom dark energy as well as the higher-dimensional braneworld effect as shown in Eq.(4.9). Furthermore, combining the conservation equation of the effective dark energy: (4.11) of the effective dark energy (4.9) against the scalar factor, more precisely x ≡ ln a.
In figure (a) , we have fixed the parameter κ4A = 2.75 × 10 −3 Gyr −1 , and changed the density parameter Ωr c as shown on the plot. In figure (b) , we have fixed the density parameter Ωr c = e −5.56 , and changed the parameter A as shown on the plot. We see that the effective dark energy for the model given in Eq.(4.2) will induce a mimicry of a crossing of the phantom divide, i.e., w cross the value −1. with the effective energy density definition (4.9), we obtain the effective equation of state w eff :
where x ≡ ln a. This effective equation of state describes the evolution property of the effective dark energy ρ eff , in particular at late-time.
In addition, the deceleration parameter q is also an important cosmological parameter that could be used to characterize the late-time behavior of the universe and to constrain the model. The deceleration parameter is defined by q ≡ −äa/ȧ 2 , which can be rewritten as 12) where the self-accelerating branch E(a) is given by Eqs.(4.5) and (2.16). Before calculating the effective equation of state w eff and the deceleration parameter q numerically, we highlight that both w eff and q approach negative infinite values when the universe is close to the sudden singularityρ →ρ 1 , since the cosmic time derivative of the Hubble parameter blows up at the singularity; while the Hubble parameter and the total energy density remain finite.
B. Observational constraints of the model
We assume that this self-accelerating DGP-GB model (4.2) behaves much like the standard ΛCDM model at present and on the near future. Thus we expect the density parameters Ω rc and Ω α due to the brane-world effect to be tiny compared to the other density parameters. Therefore, we could pick out the results derived from the ΛCDM model to obtain some preliminary constrains of our model; We assume also that the density parameter for matter nowadays Ω m0 to be independent of the cosmological model, i.e., we fix the parameter Ω m0 = 0.27 for the non-relativistic matter on the brane. Furthermore, we constrain the model by using the deceleration parameter q 0 of the ΛCDM model at the present time: q 0 = −1 + 3/2 Ω m0 = 0.595, which is valid for GR. We can calculate the deceleration parameter using Eqs.(4.12) and (4.2), which at present reads
The previous relation gives a constraint among the model parameters, which reduces the number of free parameters to two (e.g. Ω rc and A). In addition, since we expect the model to mimic ΛCDM cosmology reasonably well at the present time, the best-fit range for the parameter A is considered as obtained in the Ref. [31] : −2.74 × 10 −3 Gyr −1 ≤ κ 4 A ≤ 9.67 × 10 −3 Gyr −1 . Despite that negative values of A are allowed observationally, we stick to positive values of A, such that the little rip event takes place in GR for a FLRW universe filled with the "little rip" phantom matter given in Eq.(3.1).
After imposing the constraints on these parameters, we then evaluate the effective equation of state w eff (4.11) as a function of the scale factor numerically. Notice that the parameter space is picked out such that the density parameter Ω rc and Ω α due to the brane-world effect are very small, and therefore the model behaves almost like the ΛCDM model at the present time. Fig. 2 shows that the behavior of the effective equation of state w eff with respect to the scale factor. We can see that the effects from the DGP-GB brane-world with phantom energy (3.1) will induce a mimicry of a crossing of the phantom divide at the late-time universe (see Fig. 2 ). Furthermore, it is more sensitive to the parameter A than to the parameter Ω rc .
In addition, we also calculate and plot the deceleration parameter q [see Eq.(4.12)] numerically as shown in Fig. 3 . This figure shows that our universe has entered in an accelerating expansion phase (q < 0) recently, roughly since the scale factor reached the value a ∼ 0.6. Besides, the four curves shown in Fig. 3b , corresponding to different values of A, shows that the deceleration parameter is only sensitive to different values of A in the near past when a ∼ 0.14.
C. Onset of sudden singularity
As we have seen in the previous section the little rip event in GR can be replaced by a sudden singularity through the self-accelerating branch of the DGP-GB brane-world. We can interpret this result as a smoothing of the little rip in the sense that the Hubble parameter H is finite, even though the sudden singularity happens before the little rip at a finite cosmic time. We further estimate when the sudden singularity will happen in the future within this DGP-GB brane-world, with a cosmological expansion dictated by Eq. (4.2) and a matter content including a phantom dark energy given in Eq. (3.1).
The sudden singularity takes place when the dimensionless energy densityρ →ρ 1 [see Fig. 1 and Eq.(3.5)]. Therefore, in order to obtain when the sudden singularity is reached, we can directly equate the dimensionless energy parameterρ (4.7) to the value of the singularity pointρ 1 (2.10), and the resulting equation gives the scale factor x sing ≡ ln a sing where the sudden singularity happens. Such a scale factor, x sing = ln a sing , is shown in Fig. 4a for various parameter A with different density parameters Ω rc . We see as well in Fig. 4a that the larger the parameter A the sooner the sudden singularity happens. This outcome is reasonable since a larger parameter A generates a smaller effective equation of state w eff , i.e., a more negative one, as shown in Fig. 2b , which will cause a sooner doomsday.
Likewise, we can calculate as well the cosmic time remaining from now till the doomsday. This time scale can be obtained by computing the following integration numerically:
where x ≡ ln a and the self-accelerating branch E(a) is given by the Eqs.(4.5) and (2.16). The numerical results are shown in Fig. 4b , where we can compare our results with the age of the universe since the age of our universe at present is roughly of the order of the Hubble time H −1 0 . Thus as we can see in Fig. 4b , the sudden singularity would take place roughly in the far future at a cosmic time of the order of a hundred times the Hubble time, i.e., roughly 1300Gyr.
V. CONCLUSION
The little rip event in a relativistic FLRW universe described by GR can avoid the future space-time singularity at a finite cosmic time; however, it will ultimately lead to the dissolution of all bound structures in the universe. Therefore, it is of interest to investigate if this abrupt event could be smoothed or replaced in some way. Since this kind of doomsday, which is induced by phantom dark energy, as the one given by Eq. (3.1), will take place at high energy, where UV effect could be required, and in the future, where IR effect could be as well required, we suppose that the combination of UV as well as the IR modifications to GR could give a resolution to this abrupt event. In this respect, we consider here our universe to be described by the self-accelerating branch (2.16) of a generalized brane-world system that is modified by GB modification in the bulk and IG effects on the brane, where the GB/IG effects become significant at the high/late-time regime, respectively. This framework may provide us some insights on the avoidance of abrupt events in the future evolution of the universe.
With the same kind of phantom fluid (3.1) confined on the brane, we discover that a sudden singularity will take place in the future instead of a little rip event. Thus this finding shows that the little rip event is smoothed through a brane-world system with GB and IG effects as we expected, in the sense that the Hubble parameter remains finite during the whole evolution of the brane; nevertheless, the trade-off is that the sudden singularity will happen sooner than the little rip (but still in the far future), where the cosmic time derivative of the Hubble rate will diverge. Based on this analysis, we then study the late-time behavior of the brane and estimate when the sudden singularity will take place in the future within a self-accelerating branch of a DGP-GB model, under the assumption that the self-accelerating DGP-GB brane is filled with dark matter and phantom energy as the one given in Eq.(3.1). We assume as well that the model do not deviate too much from the ΛCDM model nowadays. Consequently, we conclude that the sudden singularity will occur in a future time roughly of the order of a hundred times the age of the universe, i.e., ∼1300Gyr. Moreover, a smaller parameter A in Eq.(3.1) will result in a larger effective equation of state w eff for the effective dark energy ρ eff (4.9), which will push the sudden singularity to a farther future (see Figs. 2 and 4) .
Finally, we point out, as demonstrated by our analysis, that in Ref. [38] one cannot remove nor appease the occurrence of the little rip singularity within a DGP-GB setup; this is not because of the singularity itself but because of the matter that induces it. In that case, the singularity was caused by a holographic Ricci dark energy component [38] .
